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Absiract. A neural network model with bipolar synaptic couplings is studied with a
global constraint on the synapses which each neuron receives, coiresponding to a bias of
the couplings, When the network is used to store biased patterns, it is shown that the
maximal storage capacity for any non-zero bias of the stored patterns corresponds to a
particular type of the connectivity pattern of the network as encoded in the constraint,
The ‘space of interactions’ approach yields the dependence of storage capacity on the
distribution of the couplings for every pattern bias. It turns out that the optimal coupling
bias is non-zero and independent of the bias in the patierns.

1. Introduction

Neural network models have become popular for associative memory in recent years.
In this paper, we investigate a particular class of neural network models, namely those
with synaptic connection weights which take values in the discrete set {+1,—1}, also
referred to as Ising bonds. This class of models has the advantage of ease of hardware
implementation. Such a model was first studied in [1] using the ‘space of interactions’
method; it was found that the replica symmetric solution was unstable. The nature
of the replica symmetry breaking was elucidated in [2] and the maximal capacity was
found there to be about 0.83/V, in agreement with the numerical evidence of {3,4].
Owing to the fact that replica symmetry in the space of interactions is broken, the
maximal storage capacity corresponds to zero entropy in the space of interactions.
In [5], the storage capacity for such networks used to store biased patterns was
determined as a function of the bias; it was established that for models with broken
replica symmetry, the zero entropy condition provides an accurate estimate of the
storage capacity.

Here we answer the following question: What is the effect of the distribution of
the signs of the synaptic couplings in the network on the storage capacity of biased
patterns? For a network of N neurons in the large N limit, we study this question in
the next section by imposing a constraint on the synaptic couplings which each neuron
receives, namely that the sum of the synaptic couplings is proportional to +/N, with
the same constant of proportionality for all the neurons. This is a global constraint
on the couplings which is a measure of the bias in the distribution of the signs of the
couplings. A biological motivation for this question is to understand the significance
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of Dale’s Jawf in the context of human neurobiology. While the model we study here
is not a faithful representation of Dale’s law, we nevertheless believe that our results
support the general conjecture that thete is an optimal distribution of the signs of
the synaptic couplings which makes the storage of biased patterns efficient.

In the next section, the model is formulated and the saddle point equations in
the space of interactions are obtained. The saddle point equations for the mode] are
solved numerically; as for the random pattern case, replica symmetry is broken and
so the equations are solved for zero entropy in the space of interactions. We find
that there is a distribution of the couplings which maximizes the storage capacity of
biased patterns. Moreover, this distribution appears to be ‘universal’ in the sense that
it is independent of the bias in the stored patterns (as long as it is non-zero), and
depends only slightly on the size of the basin of attraction of the stored patterns. This
raises the interesting possibility that a given optimal set of synaptic couplings might
be able to store differently biased patterns simultaneously, The peaks in the storage
capacity are sharper for patterns with larger bias.

We end with a brief summary of our results.

2. Biased synapses and biased patterns

The model we shall consider is a discrete state asynchronously updated neural network
model with states s; = £1 ({ = 1,..., N) and the standard updating rule

J#i
where the w;; are the synaptic weights. It is assumed, as usual, that w;; = 0. We
shall constrain the connection weights w to be bipolar, i.e. they are only allowed to
take the values +1,

The fixed points of the model are those states which do not change under the
updating rule (1); therefore such states satisfy [6]

s;(t+ 1) =sgn (

I @)
'+ N

where « iS a strictly positive number. The larger the value of «, the bigger is the
basin of attraction around the fixed point. We will assume that there are p = aN
patterns or states {st'}, » = 1,...,p, to be stored. The condition for each pattern
to be a fixed point is

# M Z wi.’f Sf > (3)
T = s ok
- VR

for p = 1,...,p. We assume that the stored patterns are all biased with the same
bias m. This means that the probability p, of choosing a bit with value o from any
one of the patterns is

_14+m I—-m

P = -_2_60',1 + Téa,—-l' (4)

t This law is the empirical fact that the synaptic couplings of 2 single neuron in the nervous system are
either all inhibitory or all exgitatory.
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The number m essentially measures the fractional excess of plus signs over minus
signs in the patterns to be stored. We further assume that the synaptic couplings
which each neuron receives are constrained to have a bias

S w, = r/F. )
i

This is a global constraint on the input synapses of each neuron. The number »
measures the excess of excitatory couplings over inhibitory ones; we shall call it the
bias of the couplings.

The partition function in the space of interactions [w] can be written as [6] (apart
from an overall normalization)

z= | (gaw”)p;w]e-wtwl ®)

where the Hamiltonian
H[w] = E }j 8(x — v} [w]) (7
i=1 p=1

measures the number of sites that are not fixed points and 3 is a ‘temperature’
parameter. Here p[w] is the density of states in the space of interactions; in our case

i
In the 8 — oo limit, Z is simply the number of states with energy zero
li z_l QE_ e P&~ L Q0 9
dim 2 = fim 5 0(E,)e (0) )

so that in this limit the entropy of the zero energy state is

S = In(0) (10)

= | (Hdw,,)p[w] T ITec (11

i=1 pu=1

The maximal storage capacity is reached when the entropy in interaction space
becomes zero, since this means that there is only one set of w’s which maintain
the patterns {s!'} as fixed points. The quantity of interest is therefore the entropy,
averaged over the distribution of the stored patterns {s}, since we are interested in
the storage of peneral patterns governed by the distribution p,. The expression for
the averaged entropy {5} then becomes

= > (iney) 1)
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with
P
= [ (Taws ot [0t = (13)
u=sl

since the rows of the matrix w;; are independent.
The replica trick can be used to evaluate the quantity {In ;)

. {ary -1
(ng,) = lim 20021, (14)
Introducing replicas wf; (a = 1,...,n), we have

ar) = «:f:Il J (TLows)otwr TT o S22 - - 1s)

This expression can be evaluated in the saddle point approximation for N — oo, as
is well known. Introducing an integral representation for the step function, averaging
over the spins s¥, and introducing delta functions with additional variables F,, and
P, to enforce the constraint for the order parameter

1N
= b
Gab = 77 > whw; (16)
i=1

and the constraint for the incoming synapses
.39
=— ) w (17
if
\/j—v— i=1
respectively, the expression for {Q}) becomes
T dp a dqabdF

exp (Nacl(qabﬂ"a) + NGy(P,, Fpy) +iN Y qabFa.b)> . (1)

a<h

Here the brackets {-.-} indicate that an average over s} remains to be performed,
and G,(q,;,7,) IS given by

eNaGilganra) = [ ( d}‘a) (de“)exp(iz:r“)\“
(Z( 2423 qeta ))]P (19)

a<h

- .!mrs
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Using the ansatz of replica symmeitry, q,; = g, and taking the average over s/, the
expression for G, reduces, in a standard manner, to

Gl(q,r)=nfm D=z (1——-2—1 H(r )+ lIlH(T+)) (20}

-0

where Dz is the Gaussian measure Dz = e~**/ 2dz/+/27, and the function H is the
complementary error function

[==]
H(r) = / Dz. 1)
The variables 7_ and 7 are defined by
—(1—)-1/2 Lomr
= (-9 (svg+ S @)
and
_ -1/2 K+ mr
T.=(1-9) z\/a-l'—l—““\/——_———ﬂ'l—z (23)

Taking into account the constraint that w,;; = £1, G, is determined by

eNGz=[Z exp(sz —12Fbww)lN. 24

we=x1 a<h

Making the replica symmetric ansatz F,, = iF and P, = iP, we need to evaluate
the expression

> exp(Fwa —PZw) (25)

we=x=%1 a<b

where the sum is over all possible distributions of the w’s over the discrete set
{+1,— — 1}. This expression evaluates, in the small n limit, to

(1 +nln24 %/ D (In cosh{uv'F - P) + In cosh(uVF + P))) e ™12 (26)

Now we can evaluate the entropy in the saddle point approximation for N — oc;
the saddle point is determined by the stationary conditions

_—_—= = (27)

where

- P__Uq F (28)
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First, the condition 8G/8 P = 0yieilds P = 0. Then for smali n, we get (apart from
a constant which is cancelled by a contribution coming from the normalization of Z)

nF ®
G -—-+n / Du Incoshuv'F (29)

-0

so that the saddle point condition 8G/8F = 0 gives
2 f e
—— | DutanhuvVF=1-g¢. 30
77 ) g (30)

The third saddle point condition 8G /8¢ = 0 yields

a |14+4m . 1 o-risz [ = z
\/27-[ .o wye (l-q*'\/qu-q))

1-m o 2 1 _7‘2‘.!2 T+ 4 —
+57 [_Pwye (1—-q+\fq(1—‘q))] v

where 7_ and 7, were defined earlier.

Now the replica symmetric value ¢ — 1 corresponds to an unstable solution, and,
in addition, the corresponding entropy is negative. As was shown in [2, 5], the correct
solution corresponding to maximal storage must be determined by the zero entropy
solution, which is also a stable sclution for this model [2,5].

The entropy averaged over the stored patterns is

¢sy = N tim $2D-1

n—(
= NZ[ f Dz (15'2331 nH(r) + lnH(1-+))
+F———+ j Du Incoshuy/F ] (32)
The zero entropy equation is then
°° +m
a/ Dz( In H(r_)+ > lnH(n))
+Pazly / Du IncoshuvF = 0. (33)

Equations (30), (31), and (33) must be solved together to determine the maximal
storage capacity c,,..

These equations can be solved numerically. We have solved them using a method
of interval halving for various values of m and «, to an accuracy of about 0.02 in c.
Figure 1 shows the storage capacity as a function of the coupling bias for k = 0; the
pattern bias values m are 0.2, 0.4, 0.6 and 0.8, with larger values of m leading to
higher peaks.

Figures 2, 3 and 4 show the capacity as a function of coupling bias for m = 0.2,
m = 0.6 and m = 0.8 respectively. The three curves in each figure are for values of
« equal to 0, 1 and 2, with smaller peaks corresponding to larger values of «.
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Figure 1. The storage capacity as a function of v for x = 0 and m = 0.2,0.4,0.6 and
0.8; the higher peaks are for larger values of m.

Capacity

Figure 2. The storage capacity as a function of r for m = 0.2 and k = 0,1 and 2; the
upper curves are for the smaller values of «.

The interesting fact that emerges from these solutions is that for every value
of x, the storage capacity is optimal for a value of bias in the couplings which is
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Figure 3. The storage capacity as a function of r for m = 0.6 and « =0, 1 and 2; the

upper curves are for the smaller values of x.
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Figure 4. The storage capacity as a function of r for m == 0.8 and « = 0,1 and 2; the

upper curves are for the smaller values of x.

independent of the bias in the patterns, as long as m is non-zero. For random
patterns (rn = 0) of course the maximum capacity e, = 0.83 is independent of
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the coupling bias r, as is evident from equations (31) and (33), since r drops out of
equations (22) and (23) when m = 0. For & = 0, it can be seen from figure 1 that
r = 1 is an optimal value for the coupling bias. The optimal value of r increases
slightly to about 2 as « increases to 2, as can be seen from the smallest peaks in
figures 2,3 and 4,

The peaks in the storage capacity are sharper for patterns which are more severely
biased, indicating that only a narrow range of coupling bias values store these patterns
efficiently. Further, the capacity is independent of the sign of the pattern bias m since
the relevant equations (31) and (33} are invariant under m — —m,

3. Conclusions

We conclude by summarizing our results. We have investigated the dependence of the
storage capacity on the distribution of the signs of the couplings in a bipolar neural
network model. We find that there is a value of the coupling bias which maximizes
the storage capacity independently of the bias of the stored patterns. The peak in
the storage capacity is higher and narrower for more strongly biased patterns. It
seems plausible that the existence of such an optimal distribution of couplings, for
biased patterns, persists in more general networks as well. This issue is under further
investigation and the results will be reported elsewhere.
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